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It is shown that a separable variable exponent (or Nakano) function space Lp(·)(Ω) has a
lattice-isomorphic copy of lq if and only if q ∈ Rp(·) , the essential range set of the exponent
function p(·). Consequently Rp(·) is a lattice-isomorphic invariant set. The values of q such
that lq embeds isomorphically in Lp(·)(Ω) is determined. It is also proved the existence of
a bounded orthogonal lq-projection in the space Lp(·)(Ω), for every q ∈ Rp(·) .
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1. Introduction
Variable exponent Lebesgue spaces or Nakano spaces Lp(·)(Ω) belong to the general classes of Musielak–Orlicz spaces
LM(Ω) and modular spaces (cf. [16]). An important difference with classical Lebesgue and Orlicz spaces is that Lp(·)(Ω)
spaces are not symmetric (or rearrangement invariant) spaces. The last two decades have seen a strong renewed interest in
these spaces Lp(·)(Ω) and associated Sobolev spaces, motivated for their successful use in some areas of Harmonic Analysis
and applications (cf. [20,3,11]).
Many geometric properties of exponent variable spaces Lp(·)(Ω) follow from general results obtained for Musielak–Orlicz
spaces, whose geometry has been extensively studied (see e.g. [16,2]). A still open problem in the class of Musielak–Orlicz
spaces is determining the set of scalars q for which lq is isomorphic to a subspace of a separable Musielak–Orlicz space
LM(Ω). Recall that, in the class of Orlicz spaces, precise characterizations of lq-isomorphic embedding are well known
(involving the indices of the Orlicz function; see [13,14,5]). However, for general Musielak–Orlicz spaces, there is a shortage
of results. Only in the discrete case (i.e. Musielak–Orlicz sequence spaces l(ψn)) this lq-isomorphic question has been studied
in [23,18] and [24], giving several partial results. In particular, in [18] it is deduced that a separable Nakano sequence space
l(pn) has an isomorphic copy of lq if and only if q is a limit point of the set {pn: n ∈ N}.
The goal of this paper is to study the isomorphic lq-structure of variable exponent function spaces Lp(·)(Ω,Σ,μ), de-
scribing the set of scalars q for which an Lp(·)(Ω) contains a lattice-isomorphic copy of lq . It comes out that the essential
range set Rp(·) of the exponent function p(·) plays a key role. Recall that Rp(·) is the set of all q ∈ [1,∞) such that, for
every ε > 0, the set p−1(q − ,q + ) has positive measure. Thus, for spaces Lp(·)(Ω) with essentially bounded exponent
function p(·), it holds that Lp(·)(Ω) has a lattice-isomorphic copy of lq if and only if q ∈ Rp(·) . As a consequence, we get
that the essential range set is a lattice-isomorphic invariant set of Lp(·)(Ω)-spaces. This extends a result given in [19]
for lattice-isometries. The set of values q such that lq embeds isomorphically in an Lp(·)(Ω)-space is also described (see
Theorem 3.8).
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spaces Lp(·)(Ω) is an obstacle to obtaining bounded averaging projections. Instead, we deal with orthogonal projections T
in Lp(·)(Ω)-spaces associated to disjoint sequences of the form ( χAn (t)
μ(An)1/p(t)
), i.e.,
T ( f )(t) =
∞∑
n=1
(∫
An
f (s)
μ(An)
1
p∗(s)
dμ(s)
)
χAn (t)
μ(An)
1
p(t)
,
where p∗(·) denotes the conjugate function of the exponent function p(·). We obtain the boundedness of the operator T for
every q ∈ Rp(·) by considering suitable sequences (An) of disjoint regular measurable sets (see the L-property at q introduced
in Deﬁnition 4.3). Our main result, Theorem 4.6, shows that every space Lp(·)(Ω) has a complemented lq-sublattice, for every
q ∈ Rp(·) . This is done for arbitrary measure spaces and without any extra regularity condition on the exponent function p(·).
2. Preliminaries and notations
Throughout this paper (Ω,Σ,μ) is a σ -ﬁnite separable non-atomic measurable space and L0(Ω) is the space of all
measurable scalar (real or complex) valued function classes. Given a μ-measurable function p : Ω → [1,∞], we will denote
by
p− := ess inf{p(t): t ∈ Ω}, p+ := ess sup{p(t): t ∈ Ω}.
Let Ωq be the measurable set p−1({q}), for q ∈ [1,∞]. And by p+|A and p−|A we denote the essential supremum and inﬁmum
of the function p(·) over the measurable set A.
Recall that a Musielak–Orlicz function is a two variable real-valued function M(t,u) with t ∈ Ω and u  0 such that
M(t, ·) is a convex non-decreasing function, M(t,0) = 0, M(t,1) = 1 and limu→∞ M(t,u) = ∞ for almost every t ∈ Ω .
Moreover, for ﬁxed u  0, the function M(·,u) is μ-measurable. If the function M(t,u) does not depend of the ﬁrst variable
(i.e. M(t,u) = M(u)) we have an Orlicz function. The functional on L0(Ω) deﬁned by
ρM( f ) =
∫
Ω
M
(
t,
∣∣ f (t)∣∣)dμ(t)
is a convex modular in Nakano sense (cf. [16,2]) and the Musielak–Orlicz space is the set
LM(Ω) = { f ∈ L0(Ω): ρM( f /r) < ∞, for some r > 0},
which is a Banach space equipped with the (Luxemburg) norm
‖ f ‖ = inf{r > 0: ρM( f /r) 1}.
Variable exponent Lebesgue spaces (or Nakano spaces) Lp(·)(Ω) are a special class of Musielak–Orlicz spaces, which are
deﬁned by Musielak–Orlicz functions of the form M(t,u) = up(t) , where p(·) : Ω → [1,∞] is a measurable function. The
associated modular is then denoted by ρp(·) , i.e.,
ρp(·)( f ) =
∫
Ω\Ω∞
∣∣ f (t)∣∣p(t) dμ(t) + ‖ f χΩ∞‖∞
and the associated norm by ‖‖p(·) . (Thus, the usual ‖‖∞-norm is considered on Ω∞ = p−1({∞}).)
The conjugate function p∗(·) of the function p(·) is deﬁned by the equation 1p(t) + 1p∗(t) = 1 for a.e. t ∈ Ω . The topological
dual of the space Lp(·)(Ω) with p+ < ∞, is the variable exponent space Lp∗(·)(Ω). When μ(Ω) < ∞ and p1(t)  p2(t)
for a.e., we have Lp2(·)(Ω) ⊆ Lp1(·)(Ω) and this inclusion is bounded. A space Lp(·)(Ω) is reﬂexive if and only if 1 < p− 
p+ < ∞ (cf. [16,11,3]). Furthermore the spaces Lp(·)(Ω) are p−-convex and p+-concave Banach lattices (cf. [9,19]).
In the discrete case of Ω =N with the cardinal measure, we get Musielak–Orlicz sequence spaces l(ψn) , i.e., the space of all
sequences (xn) such that
∑∞
n=1 ψn(
xn
r ) < ∞, for some r > 0. The canonical sequence (en) of unit vectors is a Schauder basis
of l(ψn) if and only if the sequence (ψn) satisﬁes the uniform 
2-condition (cf. [14]). In the special case of Musielak–Orlicz
functions of the form M(n,u) = ψn(u) = upn , for scalar sequences (pn) with 1  pn < ∞, we get the Nakano sequence
spaces l(pn) .
The essential range of the exponent function p(·) is deﬁned by
Rp(·) :=
{
q ∈ [1,∞): ∀ > 0, μ(p−1(q − ,q + ))> 0}.
Note that the essential range is a closed subspace of [1,∞); in particular, Rp(·) is a compact set when p(·) is essentially
bounded. Clearly, the values p− and p+ are always in the set Rp(·) .
For other deﬁnitions and notations we refer to the books [14–16] and [3].
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In this section we study isomorphic lq-subspaces in spaces Lp(·)(Ω). First of all, we discard the extreme case of l∞ .
The following Proposition is well known in Musielak–Orlicz spaces (cf. [6,8]). However, for completeness, we include here
another proof of (b) ⇒ (c) in Lp(·)(Ω) spaces, which is illustrative for our target.
Proposition 3.1. For Lp(·)(Ω), the following statements are equivalent: (a) Lp(·)(Ω) is separable. (b) Lp(·)(Ω) does not have an
isomorphic copy of l∞ . (c) p+ < ∞.
Proof of (b)⇒ (c). The case of μ(Ω∞) > 0 is clear, since Lp(·)(Ω∞) = L∞(Ω∞) is a complemented subspace of Lp(·)(Ω). Let
p+ = ∞ and take the sets Ak = p−1([k,k + 1)). We can assume w.l.o.g. that 0 < μ(Ak) < ∞, for every k ∈ N. Consider the
Orlicz function sequence (ψn) deﬁned by
ψk(s) := 1
μ(Ak)
∫
Ak
sp(t) dμ(t),
for s ∈ [0,1] (cf. [17]). Clearly, ψk is a non-decreasing function, ψk(1) = 1 and the derivative ψ ′k is increasing, therefore
each function ψk is convex. Notice that the values of ψk(s), for s > 1, are not required to deﬁne the space l(ψk) (cf. [23,
Proposition 2.1]). Moreover, since sk+1 ψk(s) sk , for every s ∈ [0,1], we have
l∞ = l(k) ↪→ l(ψk) ↪→ l(k+1) = l∞,
where l(k) is a Nakano sequence space and l(ψk) is a Musielak–Orlicz sequence space. Thus, l(ψk) = l∞ and, since they are
Banach lattices, we have equivalent norms (cf. [1, Theorem 1.8]).
Consider now the sequence (gk) in Lp(·)(Ω) given by
gk(t) := χAk (t)
μ(Ak)
1
p(t)
for k ∈ N. The closed subspace [(gk)] spanned by the sequence (gk)∞k=1 in Lp(·)(Ω) is isomorphic to l∞ . Indeed, for∑∞
k=1 λk gk ∈ Lp(·)(Ω) we have ρp(·)(
∑∞
k=1
λk
r gk) < ∞, for some r > 0, and
ρp(·)
( ∞∑
k=1
λk
r
gk
)
=
∞∑
k=1
∫
Ak
∣∣∣∣λkr
∣∣∣∣
p(t)
dμ(t)
1
μ(Ak)
=
∞∑
k=1
ψk
(∣∣∣∣λkr
∣∣∣∣
)
. 
Proposition 3.2. The space Lp(·)(Ω) has a lattice-isomorphic copy of lq for every q ∈ Rp(·) .
Proof. First, note that the case μ(Ωq) > 0 is obvious, since then Lp(·)(Ωq) ≡ Lq(Ωq). Assume now q ∈ Rp(·) and μ(Ωq) = 0.
Then, up to a subsequence, we have that there is a sequence (Ak)∞k=1 of disjoint measurable sets such that Ak ⊆ p−1([q +
1
k+1 ,q + 1k )) (or, equivalently, Ak ⊆ p−1([q − 1k ,q − 1k+1 ))) and 0 < μ(Ak) < ∞, for every natural number k. Consider now
the sequence of Orlicz functions (ψk)∞k=1 deﬁned by
ψk(s) := 1
μ(Ak)
∫
Ak
sp(t) dμ(t),
for s ∈ [0,1] and k ∈N. Since sq+ 1k  ψk(s) sq+
1
k+1  sq , for every 0 s 1, the sequence (ψk)∞k=1 converges uniformly to
the function sq in [0,1]. Passing to a subsequence, we have∣∣ψk(s) − sq∣∣< 1
2k
, for every s ∈ [0,1].
Now the Musielak–Orlicz sequence spaces l(ψn) and lq coincide. Indeed, for every (xk) ∈ l(ψk) and r > 0 we have
∞∑
k=1
∣∣∣∣ xkr
∣∣∣∣
q

∞∑
k=1
∣∣∣∣
∣∣∣∣ xkr
∣∣∣∣
q
− ψk
( |xk|
r
)∣∣∣∣+
∞∑
k=1
ψk
( |xk|
r
)

∞∑
k=1
1
2k
+
∞∑
k=1
ψk
( |xk|
r
)
< ∞.
Therefore, the canonical bases of l(ψk) and lq are equivalent.
Let us consider now the sequence (gk)∞k=1, where
gk(t) := χAk (t)1
p(t)
.μ(Ak)
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p(·)(Ω) is lattice-isomorphic to lq . Indeed, for
∑∞
k=1 xk gk ∈
Lp(·)(Ω) and r > 0 we have
ρp(·)
( ∞∑
k=1
xk
r
gk
)
=
∞∑
k=1
∫
Ak
∣∣∣∣ xkr
∣∣∣∣
p(t) 1
μ(Ak)
=
∞∑
k=1
ψk
(∣∣∣∣ xkr
∣∣∣∣
)
.
Thus, the basic sequence (gn)∞k=1 in L
p(·)(Ω) and the canonical basis of l(ψk) are equivalent. 
From now on, we consider separable Lp(·)(Ω) spaces to give converse results.
Proposition 3.3. Let Lp(·)(Ω) be with p+ < ∞. Every subspace of Lp(·)(Ω) generated by a sequence of disjoint normalized functions
is lattice-isomorphic to a Musielak–Orlicz sequence space.
Proof. Denote by (gn)∞n=1 a sequence of disjoint normalized functions in the separable space Lp(·)(Ω). Since the simple
functions are dense, for every natural n there exists a simple function hn = ∑Nnj=1 an, jχAn, j such that ‖gn − hn‖p(·) < 12n
and the family of measurable sets {An, j} is formed by mutually disjoint sets. Therefore both sequences (gn) and (hn) are
equivalent and the isomorphism [(gn)]  [(hn)] holds (using [14, Proposition 1.a.9]). Hence, there exists K > 1 such that
1
K
 ρp(·)(hn) K , for every n ∈N.
Thus, in view of 1 p(t) p+ a.e., there exists a constant K ′ > 1 such that
1
K ′
 1
ρp(·)(hn)
1
p(t)
 K ′, for every n ∈N and a.e. t ∈ Ω.
Then, for scalar sequences (xn) we have
1
K ′
∣∣∣∣∣
∞∑
n=1
xnhn(t)
∣∣∣∣∣
∣∣∣∣∣
∞∑
n=1
xn
hn(t)
ρp(·)(hn)
1
p(t)
∣∣∣∣∣ K ′
∣∣∣∣∣
∞∑
n=1
xnhn(t)
∣∣∣∣∣.
Hence, as Lp(·)(Ω) is a Banach lattice, we get [(hn(t))] = [( hn(t)ρp(·)(hn)1/p(t) )].
Now consider the Orlicz function sequence (ψn) deﬁned by
ψn(s) := 1
ρp(·)(hn)
Nn∑
j=1
∫
An, j
sp(t)|an, j|p(t) dμ(t),
for s ∈ [0,1]. We claim that [( hn(t)
ρp(·)(hn(t))1/p(t)
)] = l(ψn) . Indeed, for (xn) ∈ l(ψn) and r > 0 we have
∞∑
n=1
ψn
( |xn|
r
)
=
∞∑
n=1
Nn∑
j=1
∫
An, j
( |xn|
r
)p(t) |an, j|p(t)
ρp(·)(hn)
dμ(t)
= ρp(·)
(
1
r
∞∑
n=1
xn
hn(t)
ρp(·)(hn)
1
p(t)
)
.
And, up to isomorphism, we have the identities
l(ψn) =
[(
hn(t)
ρp(·)(hn)
1
p(t)
)]
= [(hn)] [(gn)]
and the basic sequence (gn) is equivalent to the canonical basis of l(ψn) . Therefore, l(ψn) and [(gn)] are lattice-isomorphic. 
Proposition 3.4. Let Lp(·)(Ω) be with p+ < ∞. If Lp(·)(Ω) has a lattice-isomorphic copy of lq , then q ∈ Rp(·) .
Proof. First, let us show that q ∈ [p−, p+], when lq is lattice-isomorphic to a closed subspace of Lp(·)(Ω). Indeed, assume
that there exists a normalized disjoint sequence (gn) in Lp(·)(Ω) equivalent to the canonical basis of lq . Following the
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that
p−  sψ
′
n(s)
ψn(s)
=
s
∑Nn
j=1
∫
An, j
p(t)sp(t)−1|an, j|p(t) dμ(t)∑Nn
j=1
∫
An, j
sp(t)|an, j|p(t) dμ(t)
 p+,
for all n ∈N. Now, since lq is isomorphic to a subspace of l(ψn) we have, by Proposition 2.4 in [18], that q ∈ [p−, p+].
Let us show now that if q ∈ [p−, p+]\Rp(·) , then lq is not lattice isomorphic to a subspace of Lp(·)(Ω). Let r > 0 be such
that μ(p−1([q − r,q + r])) = 0 and p− < q − r < q + r < p+ . Deﬁne
Ω− = p−1
([
p−,q − r]) and p1(t) = p|Ω−(t)
and
Ω+ = p−1
([
q + r, p+]) and p2(t) = p|Ω+(t).
It is clear that Lp(·)(Ω) is a direct sum of Lp1(·)(Ω−) and Lp2(·)(Ω+). Assume now that lq is lattice isomorphic to [(gn)] in
Lp(·)(Ω) spanned by a disjoint normalized sequence (gn). Then [(gn)] is a subspace of the direct sum[
(gnχΩ−)
]⊕ [(gnχΩ+)].
In view of Proposition 3.3, there exist two sequences of Orlicz functions (ψ−n ) and (ψ+n ) such that [(gnχΩ− )] is isomorphic
to l(ψ−n ) and [(gnχΩ+ )] is isomorphic to l(ψ+n ) (hence we have [(gnχΩ− )] ⊕ [(gnχΩ+ )]  l(ψ−n ) ⊕ l(ψ+n )). By Theorem 1 in [21],
we deduce that either l(ψ−n ) or l(ψ+n ) has a subspace isomorphic to lq . Now, applying the argument of the ﬁrst part of the
proof, either q ∈ [p−1 , p+1 ] ⊂ [p−,q − r] or q ∈ [p−2 , p+2 ] ⊂ [q + r, p+], which is a contradiction. 
The Propositions 3.2 and 3.4 above are summarized in the following result.
Theorem 3.5. Let Lp(·)(Ω) be separable. Then Lp(·)(Ω) has a lattice-isomorphic copy of lq if and only if q ∈ Rp(·) .
A direct consequence is the following corollary (that improves Proposition 2.11 in [19] by removing the isometric hy-
pothesis).
Corollary 3.6. Let Lp(·)(Ω) and Lp1(·)(Ω ′) be separable variable exponent spaces. If Lp(·)(Ω) is lattice-isomorphic to Lp1(·)(Ω ′), then
Rp(·) = Rp1(·) .
Another easy consequence is the determination of the (Rademacher) type and cotype of the spaces Lp(·)(Ω) given in [10]:
An Lp(·)(Ω) space has type q (for q ∈ [1,2]) if and only if q p− . And Lp(·)(Ω) has cotype q (for q ∈ [2,∞)) if and only if p+  q.
We pass now to consider arbitrary isomorphisms.
First let us remark that if Lp(·)(Ω) is isomorphic to L1(Ω), then Lp(·)(Ω) = L1(Ω) (up to renorming). Indeed, assume
that Lp(·)(Ω) = L1(Ω). Then 1 < p+ < ∞. Consider r > 0 and a subset Ω ′ of p−1([p− + r, p+]) with ﬁnite measure. Then
Lp+
(
Ω ′
)⊆ Lp|Ω′ (·)(Ω ′)⊆ Lp−+r(Ω ′), (∗)
where Lp|Ω ′ (·)(Ω ′) is a complemented subspace of Lp(·)(Ω) (clearly P ( f ) = f χΩ ′ is a continuous projection). Now, con-
sidering the sequence of the Rademacher functions in Lp|Ω ′ (·)(Ω ′) and using (∗), we get that Lp|Ω ′ (·)(Ω ′) has a closed
complemented subspace isomorphic to l2. Hence, the space Lp(·)(Ω)  L1(Ω) has also a complemented l2-copy, which is a
contradiction (cf. [15, Theorem 2.b.4]).
Using the above let us show that Corollary 3.6 does not hold for isomorphisms.
Example 3.7. Let Lp(·)[0,2] be with p(t) = 2, if t ∈ [0,1] and p(t) = 2+ t = p1(t), if t ∈ (1,2]. Then Lp1(·)(1,2]  l2 ⊕ H , for
some closed subspace H , and
Lp(·)[0,2] = Lp(·)[0,1] ⊕ Lp(·)(1,2]  l2 ⊕ Lp1(·)(1,2]
 l2 ⊕ l2 ⊕ H  l2 ⊕ H  Lp1(·)(1,2].
Thus the spaces Lp(·)[0,2] and Lp1(·)(1,2] are isomorphic, but Rp(·) = {2} ∪ [3,4] = Rp1(·) .
Notice also that a space Lp(·)(Ω) with p+ < ∞ has the positive Schur property (i.e. every weakly null sequence with
positive terms is norm null) if and only if Lp(·)(Ω) = L1(Ω). Indeed, if a Banach lattice has the positive Schur property,
then every inﬁnite-dimensional sublattice contain another one isomorphic to 1 (cf. [22, Theorem 7]). Hence, assuming that
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p+ with p+ > 1, then Lp(·)(Ω) fails the positive
Schur property.
Recall that the statement above is not true in the discrete case (i.e. Nakano sequence spaces; cf. [18]).
We continue studying isomorphic lq-copies in Lp(·)(Ω) spaces for q < 2. Let us consider an Lp(·)(Ω) space, with 1 
p− < 2. Then Lp(·)(Ω) has an isomorphic copy of lq for every q ∈ (p−,2]. Indeed, take a natural number n, with p− + 1n < q,
and a measurable subset Ωn , with 0 < μ(Ωn) < ∞, such that
Lp
−+ 1n (Ωn) ⊆ Lp|Ωn (·)(Ωn) ⊆ L1(Ωn).
Now, consider a sequence of q-stable independent random variables in Lp
−+ 1n (Ωn) (cf. [15]). Then, using Proposition IV.4.10
in [4], we deduce that Lp|Ωn (·)(Ωn) has an isomorphic copy of lq .
We can extend now a well-known result in the case that the exponent function p(·) is a constant function (see e.g. [4]).
Theorem 3.8. Let Lp(·)(Ω) be with p+ < ∞.
(a) If 1 p−  2, then lq is isomorphic to a closed subspace of Lp(·)(Ω) if and only if q ∈ Rp(·) ∪ [p−,2].
(b) If p− > 2, then lq is isomorphic to a closed subspace of Lp(·)(Ω) if and only if q ∈ Rp(·) ∪ {2}.
Proof. By Theorem 3.5 and the last remark it rests only to prove that the conditions are necessary. Assume that lq is isomor-
phic to a subspace of Lp(·)(Ω). Then, by the generalized Kadec–Pełczynski method (cf. [15, Proposition 1.c.8]), we have that
either lq is isomorphic to a subspace of some L1 space or there exists a sequence of normalized vectors (yn)∞n=1 in lq , which
is equivalent (in the sense of basic sequences) to a disjoint normalized sequence (gn)∞n=1 in Lp(·)(Ω). The ﬁrst statement
clearly implies that q ∈ [1,2] (cf. [4, Theorem IV.4.8]). And the second statement implies q ∈ Rp(·) . Indeed, we proceed as
in the proof of Proposition 3.4 and consider the subspace [(yn)]  [(gn)] which is a subspace of the decomposition space
[(gnχΩ− )] ⊕ [(gnχΩ+ )]. Then, using [21, Theorem 1], we have that one of the subspaces, either [(gnχΩ− )] or [(gnχΩ+ )] has
an isomorphic lq-copy. Now, since both spaces are isomorphic to Musielak–Orlicz sequence spaces, arguing as in the proof
of Proposition 3.4, we conclude that q ∈ Rp(·) .
Suppose now that 1 p−  2. Since Lp(·)(Ω) is p−-convex and p+-concave (cf. [9,19]), it holds that lq is not isomorphic
to any subspace of Lp(·)(Ω), for 1 q < p− (cf. Theorem 1.d.7 in [15]). Then, using the statement above and Proposition 3.2,
we conclude that q ∈ Rp(·) ∪ [p−,2].
Assume now that 2 < p− . Let us take 1 < r < 2 and a probability measure space (Ω ′,Σ ′,μ′), with Ω ∩ Ω ′ = ∅. And
consider the measurable space (Ω ∪ Ω ′,Σ ∪ Σ ′,μ + μ′), where
Σ ∪ Σ ′ := {C ∈ Ω ∪ Ω ′: C = A ∪ B, A ∈ Σ and B ∈ Σ ′}
and (μ+μ′)(C) := μ(A)+μ(B), for every C ∈ Σ ∪Σ ′ . Let p˜(·) be the (μ+μ′)-measurable function deﬁned by p˜(t) = p(t)
if t ∈ Ω and p˜(t) = r if t ∈ Ω ′ . It is clear that
L p˜(·)
(
Ω ∪ Ω ′)= Lp(·)(Ω) ⊕ Lr(Ω ′)
and R p˜(·) = Rp(·) ∪ {r}. Since p˜− = r < 2, we deduce from the (a) case above that lq is not isomorphic to any subspace of
Lp(·)(Ω), for q ∈ [1, r) and r ∈ (1,2). Therefore, in case (b), we conclude that q ∈ Rp(·) ∪ {2}. (Alternatively, we can also use
Theorem 2.3 in [7].) 
Using that the essential range of the conjugate function veriﬁes that
Rp∗(·) =
{
r  1: 1
r
+ 1
q
= 1 for q ∈ Rp(·)
}
,
we have the following.
Corollary 3.9. Let Lp(·)(Ω) and Lp1(·)(Ω ′) be reﬂexive. If Lp(·)(Ω) is isomorphic to Lp1(·)(Ω ′) then Rp(·) \ {2} = Rp1(·) \ {2}.
Proof. If 2 < q ∈ Rp(·) then lq is isomorphic to a subspace of Lp(·)(Ω)  Lp1(·)(Ω ′), so we have q ∈ Rp1(·) . Assume now
1 < q < 2 and q ∈ Rp(·) , then 2 < q′ ∈ Rp∗(·) , for 1/q′ + 1/q = 1. Hence, q′ ∈ Rp∗1(·) and q ∈ Rp1(·) . 
4. Complemented lq-subspaces
In this section we study the existence of complemented isomorphic copies of lq in spaces Lp(·)(Ω). A duality argument
allows us to consider only scalars q in the essential range set Rp(·) . From the previous section, we know that a lattice-
isomorphic copy of lq in Lp(·)(Ω), for q ∈ Rp(·) , can be obtained considering the span of a suitable sequence of disjoint
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μ(An)1/p(t)
). Hence, we study the boundedness of the associated orthogonal projections T ,
deﬁned by
T ( f )(t) =
∞∑
n=1
(∫
An
f (s)
μ(An)
1
p∗(s)
dμ(s)
)
χAn (t)
μ(An)
1
p(t)
, ()
where 1p(t) + 1p∗(t) = 1 almost everywhere. Clearly, the sequences ( χAn (t)μ(An)1/p(t) ) and (
χAn (t)
μ(An)1/p
∗(t) ) are bi-orthogonal with respect
to the dual pair 〈Lp(·)(Ω), Lp∗(·)(Ω)〉.
First, let us consider the following simple case.
Remark 4.1. Assume that the exponent function p(·) is of the form p(t)χAn (t) = qn , for some scalar sequence (qn) ⊂ [1,∞)
and a disjoint measurable subset sequence (χAn ). Then, the orthogonal projection T associated to the sequence (
χAn (t)
μ(An)1/p(t)
)
is a bounded operator in Lp(·)(Ω) which coincides with the averaging operator R A deﬁned by the disjoint sets (An), i.e.,
RA( f ) =
∞∑
n=1
∫
An
f (s)dμ(s)
μ(An)
χAn = T ( f ).
Moreover, using Jensen integral inequality (cf. [12]), for f ∈ Lp(·)(Ω) we get
ρp(·)(T f ) = ρp(·)(RA f ) ρp(·)( f ).
Lemma 4.2. Given Lp(·)(Ω), if (An)∞n=1 is a sequence of disjoint measurable sets with
∑∞
n=1 μ(An) 1, then the associated orthogonal
projection T in Lp(·)(
⋃∞
n=1 An) veriﬁes
ρp(·)
(
T f
K
)

∞∑
n=1
(∫
An
( | f |
K
)p−|An
dμ
)(
1
μ(An)
)p+|An−p−|An
,
for some constant K  1 and every normalized function f .
Proof. Let T be the orthogonal projection deﬁned in (). Since ∑∞n=1 μ(An) 1, the inclusion Lp(·)(⋃∞n=1 An) ⊆ L1(⋃∞n=1 An)
holds, so there exists K  1 such that ‖ fK ‖1  ‖ f ‖p(·) , for every normalized function f ∈ Lp(·)(
⋃∞
n=1 An). Now,
ρp(·)
(
T f
K
)
=
∞∑
n=1
∫
An
∣∣∣∣
∫
An
f (s)
K
1
μ(An)
1
p∗(s)
dμ(s)
χAn(t)
μ(An)
1
p(t)
∣∣∣∣
p(t)
dμ(t)

∞∑
n=1
∫
An
(∫
An
| f (s)|
K
1
μ(An)
(1− 1
p+|An
)
dμ(s)
)p(t)
χAn (t)
μ(An)
dμ(t),
and, using ‖ fK ‖1  1, we have

∞∑
n=1
∫
An
(∫
An
| f (s)|
K
dμ(s)
)p−|An 1
μ(An)
p(t)(1− 1
p+|An
)
χAn(t)
μ(An)
dμ(t)

∞∑
n=1
(∫
An
| f (s)|
K
dμ(s)
)p−|An 1
μ(An)
p+|An (1− 1p+|An
)
,
ﬁnally, by Jensen integral inequality, we conclude

∞∑
n=1
(∫
An
( | f (s)|
K
)p−|An
dμ(s)
)
μ(An)
(p−|An−1)
μ(An)
(p+|An−1)
=
∞∑
n=1
(∫
An
( | f |
K
)p−|An
dμ
)
1
μ(An)
(p+|An−p−|An )
. 
Let us introduce now a notion that will play a key role in getting boundedness of lq-projections.
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if there exist a sequence of disjoint measurable sets (An), with
∑∞
n=1 μ(An) 1, and a constant Mq > 0 verifying that the
sequences (p−|An )n and (p
+
|An )n converge to q and(
1
μ(An)
)(p+|An−p−|An )
 Mq, (∗)
for every positive entire n.
Proposition 4.4. If p(·) has the L-property at q ∈ Rp(·) , then the space Lp(·)(Ω) has a complemented subspace lattice-isomorphic
to lq.
Proof. First note that in case μ(Ωq) > 0, the result is trivial. Assume now that μ(Ωq) = 0 and that there exists a sequence
(An) as in the previous deﬁnition.
We claim that the orthogonal projection T from Lp(·)(Ω) onto [( χAn (t)
μ(An)1/p(t)
)] is bounded. Indeed, consider the measurable
function p˜(·) over Ω0 = ⋃∞n=1 An deﬁned by p˜(t)χAn (t) = p−|An . Thus, it holds that Lp(·)(Ω0) ⊆ L p˜(·)(Ω0) ⊆ L1(Ω0). Since
Lp(·)(Ω0) is a complemented subspace of Lp(·)(Ω), we need to show that Lp(·)(Ω0) has a complemented isomorphic copy
of lq .
Let K  1 be a constant such that ‖ fK ‖p˜(·)  1 and ‖ fK ‖1  1, for every normalized function f ∈ Lp(·)(Ω0). Consider the
orthogonal projection T from Lp(·)(Ω0) onto the subspace [( χAn (t)μ(An)1/p(t) )]. By Lemma 4.2 we have the inequality
ρp(·)
(
T f
K
)

∞∑
n=1
(∫
An
( | f |
K
)p−|An
dμ
)
1
μ(An)
(p+|An−p−|An )
.
Now, since p(·) veriﬁes the L-property at q, we have 1
μ(An)
(p+|An−p
−
|An )
 Mq , for some constant Mq > 0 and every n ∈ N.
Therefore,
ρp(·)
(
T f
K
)
 Mq
for every normalized function f ∈ Lp(·)(Ω0). Then, the orthogonal projection T is bounded and ‖T f ‖p(·)  KMq‖ f ‖p(·) .
Finally, by Proposition 3.2, there is some subsequence (Ank ) such that [(
χAnk
(t)
μ(Ank )
1/p(t) )]  lq with equivalent norms and,
obviously, there exists a bounded projection from [( χAn (t)
μ(An)1/p(t)
)] onto the subspace [( χAnk (t)
μ(Ank )
1/p(t) )]. 
Proposition 4.5. Every measurable function p(·) has the L-property at every q ∈ Rp(·) .
Proof. Arguing as in Proposition 3.2 we can ﬁnd a sequence of disjoint measurable sets (An)∞n=1, with
∑∞
n=1 μ(An)  1,
verifying that the sequences (p−|An )n and (p
+
|An )n converge to q. Suppose that the inequality(
1
μ(An)
)p+|An−p−|An
 Mq (∗)
does not hold for any constant Mq > 0. Consider an increasing sequence of natural numbers (Nn) with Nn  n(p+|An −
p−|An ) log(
1
μ(An)
), for every n ∈N. Then, we have
lim
n→∞
(
Nn
μ(An)
) p+|An−p−|An
Nn = 1.
Now, deﬁne 
n := p
+
|An−p−|An
Nn
, for each natural n, and consider the sets
An,k := An ∩ p−1
([
p−|An + k
n, p−|An + (k + 1)
n
])
,
for every k = 0,1, . . . , (Nn − 1). Then, there exists a natural 0 kn  Nn − 1 such that
μ(An,kn)
μ(An)
.
Nn
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(
μ(Bn)
)(p+|Bn−p−|Bn )  (μ(An)
Nn
) p+|An−p−|An
Nn
,
for each natural n. Thus, replacing the sequence (An)n by (Bn)n , we get that condition (∗) is satisﬁed, whence p(·) has the
L-property at q. 
As a direct consequence of Propositions 4.4 and 4.5 above, we have the following.
Theorem 4.6. Every variable exponent space Lp(·)(Ω) has a lattice complemented copy of lq for every q ∈ Rp(·) .
Remark 4.7. Given an arbitrary compact set K ⊂ [1,∞), there exists a space Lp(·)(Ω) with essential range Rp(·) = K such
that the set of q’s for which Lp(·)(Ω) has a complemented isomorphic lq-copy is precisely K ∪ {2}. This follows easily from
Remark 4.1 and the results above.
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